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MEASURE EQUIVALENCE FOR NON-UNIMODULAR GROUPS
JUHANI KOIVISTO, DAVID KYED AND SVEN RAUM
Abstract. We undertake a comprehensive study of measure equivalence between general
locally compact, second countable groups, providing operator algebraic and ergodic theoretic
reformulations, and complete the classification of amenable groups within this class up to
measure equivalence.
1. Introduction
The notion of measure equivalence for discrete groups was invented by Gromov [Gro93] as
a measure theoretic analogue of quasi isometry, and in the works of Furman [Fur99a, Fur99b],
measure equivalence was used to prove strong rigidity results for lattices in higher rank simple
Lie groups. In recent years, there has been an increasing focus on ergodic theoretic aspects of
non-discrete groups [BHI15, BFS13, CLM18, KPV15, BR16, BDV17] and the present paper
provides a contribution to this programme by analyzing the role of measure equivalence in
the context of locally compact second countable groups. The case of unimodular groups was
treated in [KKR17], but for non-unimodular groups it has been an open problem to localize a
good definition of measure equivalence. In the present paper, we first show that the definition
of measure equivalence suggested by Deprez and Li [DL14] has the properties that one would
expect a good notion of measure equivalence to have, in that it allows for the passage to strict,
free and ergodic couplings (see Proposition 3.6). Secondly, we show that it connects well with
other established equivalence relations among locally compact groups, as witnessed by the
following result:
Theorem A (see Theorem 3.7). For non-discrete, non-compact, locally compact, second
countable groups G and H the following are equivalent.
(i) G and H are measure equivalent.
(ii) G and H admit orbit equivalent, essentially free, ergodic, probability measure preserving
actions on standard Borel probability spaces.
(iii) G and H admit essentially free, ergodic probability measure preserving actions on stan-
dard Borel probability spaces for which the cross section equivalence relations associated
with some choice of cross sections are stably orbit equivalent.
A theorem of Furman [Fur99a], building on [CFW81, OW80], shows that all countably
infinite amenable groups are measure equivalent and in [KKR17] the authors extended this to
the class of unimodular, amenable, locally compact, second countable groups. Utilizing the
deep classification results for injective factors [Con73, Con76, Haa87], we now complete the
classification of amenable locally compact, second countable groups up to measure equivalence
by proving the following theorem.
2010 Mathematics Subject Classification. 22D05, 28D05, 57M07, 20F65.
Key words and phrases. Locally compact groups, amenability, measure equivalence, orbit equivalence.
1
2 JUHANI KOIVISTO, DAVID KYED AND SVEN RAUM
Theorem B (see Theorem 4.3). The class of amenable, locally compact, second countable
groups is stable under measure equivalence and consists of the following three measure equival-
ence classes: compact groups, non-compact unimodular amenable groups and non-unimodular
amenable groups.
Acknowledgments. DK and JK gratefully acknowledge the financial support from the Vil-
lum Foundation (grant no. 7423) and from the Independent Research Fund Denmark (grant
no. 7014-00145B). The authors would also like to thank Stefaan Vaes for sharing his insights
at various stages of the project and Maxime Gheysens and Nicolas Monod for bringing the
reference [GM17] to their attention.
2. Preliminaries
2.1. Group actions and orbit equivalence. In this section we recall the notion of orbit
equivalence and stable orbit equivalence of group actions. Our setting will always be that of
locally compact second countable (lcsc) groups, and if G is such a group, λG will denote a
left Haar measure on G, and ∆G : G → R+ :=]0,∞[ its modular function. We will assume
familiarity with the basics on standard Borel (probability) spaces, group actions on these,
essential freeness, ergodicity etc., all of which is treated in detail in [KKR17] and the references
therein.
Definition 2.1. Let G and H be lcsc groups acting non-singularly on standard Borel proba-
bility spaces (X,µ) and (Y, ν) respectively.
• The two actions are said to be orbit equivalent (OE) if there exist a non-singular Borel
map ∆: X → Y and conull Borel subsets X0 ⊂ X and Y0 ⊂ Y such that ∆ restricts
to a Borel isomorphism ∆0 : X0 → Y0 with the property that
∆0(G.x ∩X0) = H.∆0(x) ∩ Y0 for all x ∈ X0.
• The two actions are said to be stably orbit equivalent (SOE) if there exist Borel subsets
A ⊂ X and B ⊂ Y of strictly positive measure such that the saturations G.A ⊂ X
and H.B ⊂ Y are conull, and there exists a Borel isomorphism ∆: A → B with
∆∗(µ|A) ∼ ν|B such that
∆(G.a ∩A) = H.∆(a) ∩B for all a ∈ A.
Remark 2.2. We leave out the routine verifications that OE and SOE do indeed form equival-
ence relations. Note that both OE and SOE are preserved under passing to a conull invariant
subset; i.e. if Gy (X,µ) and H y (Y, ν) are non-singular Borel actions and X ′ ⊂ X,Y ′ ⊂ Y
are conull Borel subsets invariant under G and H, respectively, then the two original actions
are OE (respectively SOE) if and only if the restricted actions to X ′ and Y ′ are OE (respec-
tively SOE).
Another central notion to the paper is that of a countable, non-singular Borel equivalence
relation on a standard Borel probability space (X,µ). Recall that this is an equivalence rela-
tion R ⊂ X ×X which is Borel in the product σ-algebra, has countable equivalence classes,
and is non-singular in the following sense: for every pair of Borel subsets A,B ⊂ X and every
Borel isomorphism ψ : A → B with graph in R we have ψ∗µ|A ∼ µ|B . The relation R is
probability measure preserving (pmp) if ψ∗(µ(A)
−1µ|A) = µ(B)
−1µ|B for all such ψ. Lastly,
the equivalence relation R is said to be ergodic if for any Borel subset A ⊂ X its saturation
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R[A] := {x ∈ X | ∃a ∈ A : (x, a) ∈ R} is either null or conull. Recall that, by [FM77a, Theo-
rem 1], for any such R there exists a countable group Γ and a non-singular action Γy (X,µ)
for which R is the orbit equivalence relation RΓyX , and measure preservingness and ergodicity
of the relation R then agree with the corresponding classical notions for the action Γ y X.
We may therefore also consider orbit equivalence and stable orbit equivalence of countable
equivalence relations by simply defining them as in Definition 2.1 via their implementations
as orbit equivalence relations of group actions. Note also that by Furman’s results [Fur99b,
Theorem D], it is not always possible to find an essentially free group action realizing a given
equivalence relation. Countable Borel equivalence relations are examples of so-called measure
groupoids which will be discussed in the following section.
2.2. Measure groupoids. In this section we give a brief introduction to the theory of mea-
sure groupoids which provides a convenient setting in which to treat countable Borel equi-
valence relations and actions of lcsc groups simultaneously. Since this is primarily a tool for
our further investigations we will not elaborate on the basics of measure groupoids, but refer
the reader to the detailed treatments in [Hah78a] and [Ram71]. We recall that if (G , C) is
a measure groupoid with range and source maps r(γ) := γγ−1 and s(γ) := γ−1γ then, by
[Hah78a], G admits a Haar measure (λ, µ); that is, λ ∈ C is a measure on G and µ ∈ r∗(C)
is a measure on the unit space UG := r(G ), and (λ, µ) satisfies a natural invariance condi-
tion [Hah78a, Definition 3.11]. As for groups, such a Haar measure gives rise to a modular
function ∆: G → R∗+, which is a strict homomorphism on an inessential reduction; i.e. the
measure groupoid defined as G |X0 := {γ ∈ G | r(γ), s(γ) ∈ X0} for a conull Borel subset
X0 ⊂ UG . The groupoid G is said to be unimodular if it admits a Haar measure for which
the modular function ∆ is similar to the constant function 1; i.e. there exists a Borel func-
tion f : UG →]0,∞[ such that ∆ = (f ◦ r)
−1(f ◦ d) almost everywhere. If this is the case for
some choice of Haar measure then it is the case for any choice of Haar measure as shown in
[Hah78a, Corollary 3.14], and unimodularity is therefore an intrinsic property of the measure
groupoid (G , C). Lastly, we recall that two measure groupoids, (G , C) and (H ,D), are said
to be isomorphic if there exist inessential reductions G0 and H0 of G and H , respectively, and
a Borel isomorphism Φ: G0 → H0 which is an algebraic isomorphism of groupoids [FHM78,
Section 3] such that Φ∗C = D. In this case we will write G ≃ H and refer to the isomorphism
Φ: G0 → H0 as a strict isomorphism from G to H .
The example of importance for our purposes is the action groupoid stemming from a non-
singular action G y (X,µ) of an lcsc group G on a standard Borel probability space (X,µ).
In that situation, setting G := G×X with multiplication
(g2, x2) · (g1, x1) := (g2g1, x1) if x2 = g1.x1,
turns (G , [λG × µ]) into a measure groupoid, denoted by G ⋉X in what follows. The range
and source maps are given by s(g, x) = (eG, x) and r(g, x) = (eG, g.x) and, as is customary,
we shall often notationally identify UG with X. The following two lemmas are probably well
known to experts in the field, but we were unable to find a suitable reference and have therefore
included their proofs for the benefit of the reader.
Lemma 2.3. If Gy (X,µ) is a pmp action of a lcsc group G on a standard Borel probability
space then the action groupoid G⋉X is unimodular if and only if G is unimodular.
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Proof. The measure (λG×µ, µ) is a Haar measure for G⋉X with modular function ∆(g, x) =
∆G(g) [Hah78b, Example 1.11] so if G is unimodular then clearly so is G⋉X. Conversely, if
G ⋉X is unimodular and ∆ denotes the modular function associated with (λG × µ, µ) then
there exists a Borel function f : X →]0,∞[ such that
∆G(g) = ∆(g, x) = f(g.x)
−1f(x) for almost all (g, x) ∈ G×X.
The Borel sets Xn := {x ∈ X | f(x) 6 n} exhaust X, so from a certain point on these must
have positive measure, and we now fix one such Xn. Assume, towards a contradiction, that G
is not unimodular. Then there exists an open, precompact subset U ⊂ G such that ∆G(g) < 1
for all g ∈ U , and for almost all (g, x) ∈ U ×Xn we therefore have
f(g−1.x) = ∆G(g
−1)−1f(x) < f(x) 6 n. (1)
The map α : G×X → G×X given by α(g, x) = (g, g−1.x) is measure preserving and maps a
conull subset of U ×Xn into U ×Xn by (1). We therefore get∫
G×X
1U×Xn(g, x)f(x) dλG(g) dµ(x) =
∫
G×X
1U×Xn(g, g.x)f(g.x) dλG(g) dµ(x)
=
∫
G×X
1U×Xn(g, x)∆G(g)
−1f(x) dλG(g) dµ(x)
>
∫
U×Xn
f(x) dλG(g) dµ(x),
and since both integrals are finite, we have reached the desired contradiction. 
We will also need the notion of similarity between two measure groupoids G and H .
Following [FHM78, Section 4], we denote by T the unique (up to isomorphism), transitive
measure groupoid with uncountable orbits. One realization of T is obtained by taking the
action groupoid arising from the action of the unit circle S1 on itself by rotations. Similarly, Z
denotes the unique transitive measure groupoid with countable orbits, which can be realized
by the transitive equivalence relation on Z considered as a measure groupoid. Two measure
groupoids (G , C) and (H ,D) are said to be similar if G × T and H × T are isomorphic.
Note that this definition agrees with the one given in [FHM78], by [Ram82, Theorem 6.1]
and [FHM78, Theorem 4.6]. Also note that for action groupoids arising from essentially free
actions of non-discrete lcsc groups similarity actually is the same as isomorphism [FHM78,
Corollary 5.8]. Lastly, we remark that the notion of orbitally concrete measure groupoids
featured in [FHM78] was later shown to be automatic in [Ram82, Theorem 5.6].
The following lemma connects the notions of OE and SOE with isomorphism and similarity
of measure groupoids.
Lemma 2.4. Let G and H be non-compact lcsc groups acting essentially freely, ergodically
and non-singularly on standard Borel probability spaces (X,µ) and (Y, ν), respectively, and
denote by G and H the corresponding action groupoids. Then the following hold:
(i) The actions are orbit equivalent if and only if G and H are isomorphic.
(ii) If the actions are stably orbit equivalent then G and H are similar.
(iii) If G and H are either both discrete or non-discrete and G and H are similar then
actions are stably orbit equivalent.
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Proof. Since OE and SOE are preserved by passing to invariant, conull, Borel subsets and
groupoid isomorphism and similarity are preserved by passing to inessential reductions, we
may assume that both actions are free. We first prove (i). Assume that the actions are OE
and choose conull Borel subsets X0 ⊂ X and Y0 ⊂ Y and a Borel isomorphism ∆0 : X0 → Y0
such that
∆0(G.x ∩X0) = H.∆0(x) ∩ Y0 for all x ∈ X0. (2)
We now show that the inessential reduction G0 := G |X0 and H0 := H |Y0 are strictly iso-
morphic, and hence that G ≃ H as desired. Let (g, x) ∈ G0 be given. Thus, x, g.x ∈ X0
and by (2) and freeness there exists a unique c(g, x) ∈ H such that ∆0(g.x) = c(g, x)∆0(x),
and this defines a Borel map c : G0 → H. Again by freeness of the actions, the map c is a
cocycle in the sense that for ((g2, x2), (g1, x1)) ∈ G
(2)
0 one has g1x1 = x2 and c(g2g1, x1) =
c(g2, g1.x1)c(g1, x1). Define Φ: G0 → H0 by Φ(g, x) := (c(g, x),∆0(x)). The defining relation
∆0(g.x) = c(g, x)∆0(x) shows that Φ× Φ maps G
(2)
0 into H
(2)
0 and the cocycle property for
c implies that Φ is a strict homomorphism of groupoids from G0 to H0 which is easily seen
to be bijective. Lastly, we need to see that Φ pushes the class of the Haar measure on G0
onto the class of that of H0. However, since Φ is an algebraic isomorphism of groupoids,
Φ∗(λG×µ) is a Haar measure on H0, so to see that Φ∗(λG×µ) ∼ λH × ν it suffices [FHM78,
Proposition 3.4] to show that (sH )∗Φ∗[λG×µ] = [ν], which follows since sH ◦Φ(g, x) = ∆0(x)
and ∆0∗(µ) ∼ ν by assumption. Thus, Φ is an isomorphism of measure groupoids.
Conversely, assume that G ≃ H and let Φ: G0 → H0 be a strict isomorphism between
inessential reductions of G and H with Φ∗[λG × µ] = [λH × ν]. Denote by X0 ⊂ X and
Y0 ⊂ Y the unit spaces of G0 and H0. Since Φ is an isomorphism, it maps units to units so
Φ(eG, x) = (eH ,∆0(x)) for a unique ∆0(x) ∈ Y0 and we now prove that the Borel isomorphism
∆0 : X0 → Y0 defined like this is an orbit equivalence. For (g, x) ∈ G0, denote Φ(g, x) by (h, y)
and note that
(eH ,∆0(x)) = Φ(eG, x) = Φ((g, x)
−1 ·(g, x)) = Φ(g, x)−1 ·Φ(g, x) = (h−1, h.y)·(h, y) = (eH , y),
So defining c := πH ◦Φ we see that Φ(g, x) = (c(g, x),∆0(x)), and a direct computation, using
that Φ is a homomorphism, reveals that c satisfies the cocycle property. We now have
(eH ,∆0(g.x)) = Φ((g, x) · (g, x)
−1) = (c(g, x),∆0(x)) · (c(g, x),∆0(x))
−1 = (eH , c(g, x)∆0(x))
Thus, ∆0(g.x) = c(g, x).∆0(x) and since Φ(g, x) = (c(g, x),∆0(x)) ∈ H0 we have that
c(g, x).∆0(x) ∈ Y0; i.e. ∆0 satisfies (2). The last thing to be shown is that ∆0∗µ ∼ ν,
which can be seen using that Φ∗(λG × µ) ∼ λH × ν.
The proof of (ii) follows the same line of reasoning and we therefore only sketch the ar-
gument: If the two actions are stably orbit equivalent, we obtain Borel subsets A ⊂ X and
B ⊂ Y of strictly positive measure and with conull saturations, as well as a Borel isomorphism
∆: A→ B pushing [µ|A] to [ν|B ] and satisfying the analogue of (2) on these subsets. As above,
we get a cocycle c : G |A → H and a map Φ: G |A → H |B defined by Φ(g, a) = (c(g, a),∆(a))
which is seen to be a strict isomorphism of groupoids. Since G and H are ergodic and A,B
have positive measure, [FHM78, Proposition 4.9] shows that G |A and H |B are reductions of G
and H , respectively, and since the two reductions are isomorphic we conclude that G and H
are similar. To prove (iii), assume first that both G and H are discrete and that G and H are
similar. By [FHM78, Proposition 4.14 and Theorem 4.12], this means that G × Z ≃ H × Z.
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Realizing Z as the equivalence relation of a discrete group action and applying (i), this shows
that RGyX ×Z and RHyY ×Z are orbit equivalent and by [FM77a, Theorem 3] we conclude
that the original actions are stably orbit equivalent. If both G and H are non-discrete and G
and H are similar, then by [FHM78, Theorem 5.6] there exist measure groupoids G0 and H0
with discrete orbits so that G ≃ G0 × T and H ≃ H0 × T . In particular, G0 and H0 are
reductions (cf. [FHM78, Definition 3.5]) of G and H , respectively, and since G and H are
similar, so are G0 and H0. By [FHM78, Proposition 4.14 and Theorem 4.12] this implies that
G0 × Z ≃ H0 × Z and since T ≃ Z×T , we have
G ≃ G0 × Z ≃ G0 × Z×T ≃ H0 × Z×T ≃ H0 ×T ≃ H ,
so in this case G and H are not only similar, but actually isomorphic, and the associated
actions therefore orbit equivalent by (i). 
Remark 2.5. Note that, in the proof of Lemma 2.4, freeness of the actions was not used
when proving that that isomorphism of the action groupoids implies orbit equivalence of the
actions.
2.3. Cross section equivalence relations. In this section we recall the notion of a cross
section for an action of an lcsc group, which is originally due to Forrest [For74] (treated later
in [FHM78]; see also [KPV15] and [CLM18] for more recent treatments), and extend [KPV15,
Proposition 4.3] to the setting of non-unimodular groups. Let G be an lcsc group and let
(X,µ) be a standard Borel probability space endowed with a non-singular, essentially free
action θ : Gy (X,µ). By [For74, Proposition 2.10] (see also [KPV15, Theorem 4.2]) one may
find a Borel subset X0 ⊂ X and an open neighbourhood of the identity U ⊂ G such that:
(i) the restricted action map θ| : U ×X0 → X is injective, and
(ii) the subset G.X0 is Borel and conull in X.
A subset X0 ⊂ X with the above mentioned properties is called a cross section for the ac-
tion. Note that since G is assumed second countable, if θ| : U × X0 → X is injective then
θ| : G ×X0 → X is countable-to-one, so that G.X0 is automatically Borel. It is not difficult
to prove that RX0 := {(x, x
′) ∈ X0 ×X0 | x
′ ∈ G.x} is a countable Borel equivalence relation
and that X0 admits a probability measure µ0 with respect to which RX0 is non-singular. The
existence of µ0 can either be derived as in the proof of [KPV15, Proposition 4.3], or from
[FHM78] as follows: If X0 ⊂ X is a cross section and X
′ denotes the free part of X then
X0 ∩ X
′ is a cross section for the restricted action G y (X ′, µ) as well as for G y (X,µ),
and hence we may assume that the original action is free. Denote by G the action groupoid
G ⋉ X. Since the action G y (X,µ) is free, a cross section as defined above is exactly
the same as a lacunary section as defined in [FHM78] and by [FHM78, Theorem 5.3] (and
its proof) the restriction G |X0 ≃ RX0 is a discrete reduction; thus, in particular, a measure
groupoid in its own right. Denote by [λ0] the class of the Haar measure on G |X0 and by µ0
a probability representative for the induced measure class [r∗λ0] on the unit space X0 of G0;
then RX0 preserves [µ0] by [FHM78, Remark 3.2]. In the situation where G is a countable
group, the entire space X serves as a cross section and hence G ≃ RX0 , and in the case where
G is non-discrete, [FHM78, Theorem 5.6] shows that G ≃ T ×RX0 . Since T can be realized
as the action groupoid of the multiplication action S1 y (S1, λS1) and RX0 can be realized as
the orbit equivalence relation of an action of a discrete group Γ (see [FM77a, Therorem 1]),
Lemma 2.4 and Remark 2.5 now show that the the action G y (X,µ) is orbit equivalent to
S1×Γy (S1×X0, λS1 ×µ0); see also [CLM18, Theorem 1.15] for the corresponding result in
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the unimodular case.
2.4. von Neumann algebraic aspects. As shown in [Hah78b], every measure groupoid
(G , C) naturally gives rise to a von Neumann algebra L(G ) and in the case where G = G⋉X for
a pmp action Gy (X,µ) the von Neumann algebra L(G ) is isomorphic to the crossed product
von Neumann algebra L∞(X)⋊G and is therefore a factor if the action is essentially free and
ergodic [Tak03b, XIII, Corollary 1.6]. The following proposition, which is probably well known
to experts, relates various notions of amenability. For definitions and basic properties we refer
to: [Tak03b, Chapter XVI] for the von Neumann algebraic setting, [BdlHV08, Appendix G]
for group theoretical setting and [CFW81] for the setting of countable equivalence relations.
Proposition 2.6. If G is a non-discrete lcsc group, Gy (X,µ) is an essentially free, ergodic
pmp action, and X0 ⊂ X is a cross section for the action then L
∞(X)⋊G ≃ B(ℓ2(N))⊗¯L(RX0)
and the following are equivalent:
(1) G is amenable.
(2) L∞(X) ⋊G is injective.
(3) L(RX0) is injective.
(4) RX0 is hyperfinite.
Proof. As shown in Section 2.3, the action groupoid G := G ⋉X splits as T × RX0 and by
[FHM78, Proposition 8.6] the associated von Neumann algebra therefore splits as a tensor
product; i.e.
L∞(X) ⋊G ≃ L(G ) ≃ L(T )⊗¯L(RX0) ≃ B(ℓ
2(N))⊗¯L(RX0).
Since B(ℓ2(N))⊗¯L(RX0) is injective iff L(RX0) is injective, the equivalence of (2) and (3)
follows. Assuming that G is amenable, [FHM78, Theorem 8.10] shows that L(G ) is AF;
equivalently injective by Connes’ results, see [Tak03b, XVI]. Conversely, assuming L(G ) injec-
tive, by [ADR00, Corollary 6.2.12] this implies that G is amenable [ADR00, Definition 3.2.8],
as the action is assumed free. Using [ADR00, Theorem 4.2.7], it is not difficult to see that
if G is amenable then action G y (X,µ) is amenable in the sense of [Zim78, Definition 1.4],
and since the action is assumed essentially free, pmp and ergodic, amenability of the action is
equivalent with amenability of G by [Zim78, Theorem 2.1, Proposition 4.3 & 4.4]. Thus, the
equivalence of (1), (2) and (3) follows. Lastly, we need to show the equivalence between (3)
and (4), which follows from Proposition 7.1 (and the remark following it) and Theorem 10 in
[CFW81]. 
Remark 2.7. As the proof just given shows, under the assumptions in Proposition 2.6 the
four equivalent conditions are furthermore equivalent with amenability of the action groupoid
[ADR00, Definition 3.2.8] as well as with amenability of the action [Zim78, Definition 1.4].
Injective factors are well understood via their so-called S-invariant [Con76, Con73, Haa87],
which we will now describe in the special case of a free, ergodic pmp action G y (X,µ) of a
lcsc group G on a standard Borel probability space (X,µ). The faithful state ϕ : L∞(X)→ C
given by integration against µ gives rise to a dual weight ϕ˜ on the crossed product L∞(X)⋊G
[Tak03a, X, Definition 1.16] and the modular operator ∆ϕ˜ has spectrum Sp(∆ϕ˜) = ∆G(G),
where the the latter denotes the closure in R of the image of the modular function [Tak03a,
Chapter X]. If (σϕ˜t )t∈R denotes the modular automorphism group associated with ϕ˜, the
centralizer of the dual weight is defined as {x ∈ L∞(X) ⋊ G | ∀t ∈ R : σϕ˜t (x) = x} and this
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subalgebra is isomorphic with the crossed product L∞(X)⋊G0 where G0 := ker(∆G). If this
is also a factor (equivalently, if the action of G0 is also ergodic) then the S-invariant of the
crossed product is given by [Con73, Corollaire 3.2.7]
S(L∞(X) ⋊G) = Sp(∆ϕ˜) = ∆G(G).
Remark 2.8. As a consequence of the discussions above, we note that measure preservingness
of an action G y (X,µ) of a non-discrete group on a standard probability space is not a
property of the induced orbit equivalence relation as it is the case for actions of discrete
groups. To see this, choose a free, (strongly) mixing [Sch84] pmp action Gy (X,µ), which is
known to exists, e.g. by [KPV15, Remark 1.1], of a non-unimodular group G and pick a cross
section X0 ⊂ X. As G is non-compact so is G0 := ker(∆G) [HR70, (38.26)] and it therefore
still acts ergodically, and by [Con73, Corollaire 3.2.8] we have
S (L(RX0)) = S
(
B(ℓ2(N))⊗¯L(RX0)
)
= S (L∞(X) ⋊G) = ∆G(G) 6= {1},
and LRX0 is therefore not type II1, and RX0 not pmp. Lemma 2.4, Remark 2.5 and the
results in Section 2.3 now show that Gy (X,µ) is orbit equivalent with an action S1 × Γy
(S1 ×X0, λS1 × µ0) where RX0 = RΓyX0 , and hence the latter action is not pmp.
3. Measure equivalence
In this section we begin our study of measure equivalence as introduced by Bader-Furman-
Sauer for unimodular lcsc groups in [BFS13] and by Deprez-Li in [DL14] for general lcsc
groups.
Definition 3.1 ([DL14, Definition 3.1]). Let G andH be lcsc groups. A non-singular standard
Borel G × H-measure space (Ω, η) is called a measure G-H correspondence if there exist
standard Borel probability spaces (X,µ) and (Y, ν) and
• A non-singular isomorphism of measure G-spaces i : (G × Y, λG × ν) → (Ω, η) where
G× Y is considered a G-space for the left multiplication action on the first leg.
• A non-singular isomorphism of measure H-spaces j : (H ×X,λH × µ)→ (Ω, η) where
H ×X is considered a H-space for the left multiplication action on the first leg.
Note that such correspondences always exist since, for given G and H, one may simply take
(Ω, η) := (G×H,λG×λH) endowed with the translation action, so in order to get an interesting
class of couplings with which to define a notion of measure equivalence, one needs to demand
further structure. To this end, note that a measure correspondence gives rise to non-singular
near actions Gy (X,µ) and H y (Y, ν) and associated Borel cocycles ωG : H × Y → G and
ωH : G×X → H which are defined (almost everywhere) by the requirements that
i(gωG(h, y)
−1, h.y) := h.i(g, y) and j(hωH(g, x)
−1, g.x) := g.j(h, x).
For more details on the construction of these maps we refer to [KKR17, Section 2]. The
following notion of measure equivalence was suggested by Deprez and Li in [DL14].
Definition 3.2 ([DL14, Definition 3.5]). A measure G-H correspondence (Ω, η,X, µ, Y, ν, i, j)
is said to be a G-H measure equivalence coupling if there exist probability measures µ′ ∈ [µ]
and ν ′ ∈ [ν] with respect to which the induced near actions of G and H on X and Y ,
respectively, are pmp. If a G-H measure equivalence coupling exists then G and H are said
to be measure equivalent (ME). A measure G-H correspondence (Ω, η,X, µ, Y, ν, i, j) is called
a G-H measure subgroup coupling if there exists a G-invariant probability measure in [µ], and
in this case G is said to be a measure equivalence subgroup of H.
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Remark 3.3. Similarly to the proof in from the unimodular case [BFS13, Appendix A], one
verifies that measure equivalence is indeed an equivalence relation, and for unimodular lcsc
groups the two definitions coincide, as shown in [DL14, Proposition 3.6]. A natural source
of examples comes from the following situation: if G is a lcsc group and H 6 G is a closed
subgroup with ∆G|H = ∆H then by [BdlHV08, Corollary B.1.7] there exists a G-invariant
measure on G/H which is unique up to scaling, and if this measure is finite (which happens
for instance when H is cocompact in G) then G and H are ME. In this situation, H is said
to be of finite covolume in G.
Remark 3.4. In [GM17], Gheysens and Monod introduced the notion of a tychomorphism
between lcsc groups and for the sake of completeness we now show that measure equivalence
subgroups are essentially the same as tychomorphisms. If G and H are lcsc groups, one
easily checks that a tychomorphism [GM17, Definition 14] from H to G is also a H-G measure
subgroup coupling. Conversely, if (Ω, η,X, µ, Y, ν, i, j) is aH-Gmeasure subgroup coupling, we
may assume that ν is anH-invariant probability measure and hence obtain that η′ := i∗(λˇG×ν)
is an H-invariant measure in the class of η (here λˇG denotes the push forward of λG via the
inversion map). Applying [KKR17, Lemma 2.10] we now obtain a Borel function b : X → [0,∞[
such that (i−1)∗η
′ = λH × bµ and hence (Ω, η
′,X, bµ, Y, ν, i, j) is a tychomorphism from H to
G. It therefore follows from [GM17, Theorem B] that a lcsc groups is non-amenable if and
only if it has a non-abelian free measure equivalence subgroup.
To work efficiently with measure equivalence we need to show that one can always obtain
(essentially) free and ergodic couplings. To this end we need the following lemma, which is
surely well known to experts in ergodic theory, but for which we were unable to find a suitable
reference. Recall than any probability measure ν on a standard Borel G-space X allows for
a decomposition into ergodic components ν =
∫
Z
νz dp∗ν(z) for some G-invariant Borel map
p : X → Z onto a standard probability space as described in [Ngh75, Section V].
Lemma 3.5. Let G be a lcsc groups and let ρ and η be quasi-invariant, equivalent probability
measures on a standard Borel G-space X and let
∫
Z
ρz dp∗ρ(z) be an ergodic decomposition of
ρ. Denoting a Borel representative of the Radon-Nikodym derivative dηdρ : X →]0,∞[ by f and
defining g : Z →]0,∞[ as g(z) :=
∫
X
f(x) dρz(x) then g is measurable and dηz :=
1
g(z)f dρz is
an ergodic decomposition of η. In particular, ηz and ρz are equivalent for all z ∈ Z.
Proof. The fact that g : Z → [0,∞] is measurable is contained in the definition of a decompo-
sition, and since we have∫
Z
g(z) dp∗ρ(z) =
∫
Z
∫
X
f(x) dρz(x) dp∗ρ(z) =
∫
X
f(x) dρ(x) = η(X) = 1,
we also have that g is finite p∗ρ-almost everywhere. Similarly, since f > 0 and each ρz is a
probability measure it follows that g is positive p∗ρ-almost everywhere. The measure ηz is
there well-defined p∗ρ-almost everywhere and, by construction, each ηz is a probability measure
supported in p−1(z) since this is the case for ρz (cf. [Ngh75, Theorem V.1]). Moreover, since
f > 0 and ρz is ergodic so is ηz so we only need to prove that η =
∫
Z
ηzd(p∗η)(z). Since η ∼ ρ
we have p∗η ∼ p∗ρ and we first show that
d(p∗η)
d(p∗ρ)
= g. To see this, we fix a Borel function
h : Z → [0,∞[ and compute:∫
Z
h(z)g(z) d(p∗ρ)(z) =
∫
Z
∫
X
h(z)f(x) dρz(x) d(p∗ρ)(z)
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=
∫
X
∫
X
h(p(x′))f(x) dρp(x′)(x) dρ(x
′)
=
∫
X
∫
X
h(p(x′))f(x)1p−1(p(x′))(x) dρp(x′)(x) dρ(x
′)
=
∫
X
∫
X
h(p(x))f(x)1p−1(p(x′))(x) dρp(x′)(x) dρ(x
′)
=
∫
X
∫
X
h(p(x))f(x) dρp(x′)(x) dρ(x
′)
=
∫
Z
∫
X
h(p(x))f(x) dρz(x) d(p∗ρ)(z)
=
∫
X
h(p(x))f(x) dρ(x)
=
∫
Z
h(z) d(p∗η)(z).
Thus g = d(p∗η)d(p∗ρ) as claimed and from this it will now follow that η =
∫
Z
ηz d(p∗η)(z). To see
the latter, put σ :=
∫
Z
ηz d(p∗η)(z) and let h : X → [0,∞[ be Borel; then∫
X
h(x) dσ(x) =
∫
Z
∫
X
h(x) dηz(x) d(p∗η)(z)
=
∫
Z
∫
X
h(x)
f(x)
g(z)
dρz(x) d(p∗η)(z)
=
∫
Z
∫
X
h(x)
f(x)
g(z)
dρz(x)g(z) d(p∗ρ)(z)
=
∫
X
h(x)f(x) dρ(x)
=
∫
X
h(x) dη(x) 
Recall from [KKR17] that an ME coupling (Ω, η,X, µ, Y, ν, i, j) is called strict if i and j are
equivariant Borel isomorphisms.
Proposition 3.6. If G and H are measure equivalent then they admit an ME-coupling which
is strict and on which G×H acts freely and ergodically.
Proof. The proofs of [KKR17, Theorem 2.8 and Proposition 2.13] are easily adapted to the
non-unimodular case, to show that one can obtain a coupling (Ω, η,X, µ, Y, ν, i, j) which is both
strict and free. We assume, as we may, that the measures µ and ν are probability measures
invariant under the actions of G and H, respectively, and we furthermore fix probability
measures λ˜G ∈ [λG] and λ˜H ∈ [λH ]. Decomposing µ and ν into ergodic, invariant probability
measures as µ =
∫
Z′
µz′ dζ
′(z′) and ν =
∫
Z′′
νz′′dζ
′′(z′′) [Var63, Theorem 4.2] we also obtain
ergodic decompositions of i∗(λ˜G×ν) =
∫
Z′′
i∗(λ˜G×νz′′) dζ
′′(z′′) and j∗(λ˜H×µ) =
∫
Z′
j∗(λ˜H×
µz′) dζ
′(z′). Since i∗(λ˜G × ν) ∼ j∗(λ˜H × µ), Lemma 3.5 at the same time provides us with
decompositions of i∗(λ˜G×ν) and j∗(λ˜H ×µ) over a common standard Borel probability space
(Z, ζ), and by the uniqueness of the ergodic decomposition [Ngh75, Theorem V.1] we conclude
that for almost all z′ ∈ Z ′ and almost all z′′ ∈ Z ′′ we have i∗(λ˜G × νz′′) ∼ j∗(λ˜H × µz′); thus,
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endowing X and Y with such µz′ and νz′′ and Ω with j∗(λ˜H × µz′) provides the strict, free,
ergodic coupling. 
Note that when Ω is a strict ME coupling then the near actions and their associated mea-
surable cocycles are genuine actions and cocycles defined by the relations
ωG(h, y)
−1 := πG(i
−1(h.i(eG, y))) and h.y := πY (i
−1(h.i(eG, y))),
and similarly for the G-action and its cocycle. Moreover, when the action G×H y (Ω, η) is
either essentially free or ergodic then the same holds true for the induced actions Gy (X,µ)
and H y (Y, ν), and vice versa.
The following theorem extends [KKR17, Theorem 3.8]. We restrict attention to non-discrete
groups, but remark that since no unimodular lcsc group can be measure equivalent to a non-
unimodular one (see Corollary 3.8 below), Theorem 3.7 together with [KKR17, Theorem 3.8]
completely covers the class of lcsc groups.
Theorem 3.7. For non-discrete, non-compact, lcsc groups G and H the following are equiv-
alent.
(i) G and H are measure equivalent.
(ii) G and H admit orbit equivalent, essentially free, ergodic, pmp actions on standard
Borel probability spaces.
(iii) G and H admit essentially free, ergodic pmp actions on standard Borel probability
spaces for which the cross section equivalence relations associated with some choice of
cross sections are stably orbit equivalent.
Moreover, in (iii) the word ‘some’ may be replaced with ‘any’.
Proof. Assuming G and H measure equivalent, we may, by Proposition 3.6, choose a strict,
free, ergodic measure coupling (Ω, η,X, µ, Y, ν, i, j) so that the induced measure preserving
actions G y (X,µ) and H y (Y, ν) are then also free and ergodic. Put G = G ⋉ X,
H = H ⋉ Y and L = (G×H)⋉ Ω. The map
Ω×Ω
j−1×j−1
−−−−−→ H ×X ×H ×X
idH ×σ×idX−−−−−−−−→ H ×H ×X ×X
(where σ denotes the coordinate flip) conjugates the orbit equivalence relation RG×HyΩ onto a
direct product of the transitive relation on H and RGyX , and we therefore get an isomorphism
L ≃ T × G and, by symmetry, also an isomorphism L ≃ T × H . Thus, G and H are
similar and since both have uncountable orbits, [FHM78, Corollary 5.8] implies that G and H
are isomorphic and the two actions Gy (X,µ) and H y (Y, ν) are therefore orbit equivalent
by Lemma 2.4; thus (i) implies (ii). Assuming the existence of orbit equivalent, essentially
free, ergodic actions G y (X,µ) and H y (Y, ν), Lemma 2.4 shows that the associated
action groupoids G and H are isomorphic, and upon choosing cross sections X0 ⊂ X and
Y0 ⊂ Y for the two actions, [FHM78, Theorem 5.6] (and its proof) shows that G ≃ T × RX0
and H ≃ T × RY0 , and hence RX0 is similar to RY0 . Since both are countable equivalence
relations, [FHM78, Proposition 4.14 and Theorem 4.12] show that RX0 × Z ≃ RY0 × Z and
since the actions Gy (X,µ), H y (Y, ν) are ergodic so are RX0 , RY0 and it therefore follows
from [FM77a, Theorem 3] that RX0 and RY0 are SOE. Thus, (ii) implies that (iii) holds for any
choice of cross sections. Assume now that G and H admit essentially free, ergodic pmp actions
Gy (X,µ) and H y (Y, ν) for which there exist cross sections X0 ⊂ X and Y0 ⊂ Y for which
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the associated cross section equivalence relations are SOE. This means that RX0×Z ≃ RY0×Z
and since Z×T ≃ T , we now get (using again [FHM78, Theorem 5.6]) that:
G⋉X ≃ RX0 ×T ≃ RX0 × Z×T ≃ RY0 × Z×T ≃ RY0 ×T ≃ H ⋉ Y,
so by Lemma 2.4 the two actions Gy (X,µ) and H y (Y, ν) are OE; thus (iii) implies (ii).
Finally, we need to prove that (ii) implies (i). Let G y (X,µ) and H y (Y, ν) be orbit
equivalent essentially free, ergodic pmp actions. By [MRV13, Lemma 10] we may assume
that both actions are free, and by Lemma 2.4 (and its proof) we get a strict isomorphism
Φ: G⋉X|X0 → H ⋉ Y |Y0 between inessential reductions, where X0, Y0 are the conull subsets
from the definition of OE; more precisely, Φ(g, x) = (c(g, x),∆(x)) where ∆ is the orbit
equivalence and c satisfies the cocycle relation whenever this makes sense. The map Φ therefore
dualizes to a isomorphism of von Neumann algebras Φ∗ : L∞(H × Y ) → L∞(G ×X), whose
inverse at the spatial level, Ψ: H ⋉ Y |Y0 → G ⋉X|X0 , is given by by the formula Ψ(h, y) =
(d(h, y),∆−1(y)) for a cocycle d; cf. [KKR17, Lemma 3.11] for more details. We now define
two measurable left actions of G on G×X and of H on H × Y by setting
g′·(g, x) := (g′g, x) and g′ ⊲ (g, x) := (gg′−1, g′.x) for all g′, g ∈ G and x ∈ X,
h′·(h, y) := (h′h, y) and h′ ⊲ (h, y) := (hh′−1, h′.y) for all h′, h ∈ H and y ∈ Y .
Denoting by IG the groupoid inversion in G ⋉ X given by IG(g, x) = (g
−1, g.x) we see that
IG(g
′·(g, x)) = g′ ⊲ IG(g, x) and since the (G,·)-action clearly preserves λG × µ, the (G, ⊲)-
action is non-singular, and similarly for the actions of H on H×Y . The four actions therefore
induce actions at the level of L∞-algebras and through the isomorphism Φ∗ we therefore obtain
induced actions
G
·
y L∞(H × Y ), H
·
y L∞(G×X), G
⊲
y L∞(H × Y ) and H
⊲
y L∞(G×X).
A direct computation reveals that for h ∈ H and f ∈ L∞(G ×X) we have
(h ⊲ f)(g, x) = f
(
(gd(h−1,∆(x))−1, d(h−1,∆(x)).x)
)
, (g, x) ∈ G×X,
and from this it follows that the ·-action of G and the ⊲-action of H on L∞(G×X) commute,
and similarly for the corresponding actions on L∞(H × Y ). We therefore obtain actions
G×H
·×⊲
y L∞(G×X) and G×H
⊲×·
y L∞(H × Y )
and Φ∗ ◦ I∗H : L
∞(H ×Y )→ L∞(G×X) intertwines the (G×H, ⊲×·)-action on L∞(H ×Y )
with the (G ×H,· × ⊲)-action on L∞(G ×X). By [Ram71, Lemma 3.2] these actions (pre-
)dualize to genuine actions at the level of spaces (denoted again by · and ⊲) and by [Mac62,
Theorem 2] there exist a (G × H,· × ⊲)-invariant, conull, Borel subset Ω0 ⊂ G × X and a
(G × H, ⊲ × ·)-invariant conull Borel subset Ω′0 ⊂ H × Y and a G × H-equivariant Borel
isomorphism ϕ : Ω0 → Ω
′
0 which dualizes to Φ
∗ ◦ I∗H . Since Ω0 is invariant under the (G,·)-
action, it is of the form G × X1 for some conull Borel subset X1 ⊂ X and since Ω
′
0 is
invariant for the (H,·)-action it is of the form H × Y1 for some conull Borel subset Y1 ⊂ Y .
Thus defining (Ω, η) := (G × X1, λG × µ) with the (G × H,· × ⊲)-action provides us with
a measure correspondence since the map ϕ−1 : (H × Y1, λH × ν) → (Ω, η) is a non-singular
Borel isomorphism which intertwines the (H,·)-action on H×Y1 with the (H, ⊲)-action on Ω.
To show that Ω is indeed a measure equivalence coupling, we therefore need to find invariant
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probability measures in [µ] and [ν] for the induced actions of H and G, respectively. However,
since ϕ intertwines the two G-actions, for g ∈ G and almost all (h, y) ∈ H × Y1 we get
ϕ(g·ϕ−1(h, y)) = g ⊲ (h, y)
=
(
hc
(
g,∆−1(y)
)−1
, c
(
g,∆−1(y)
)
.y
)
=
(
hc
(
g,∆−1(y)
)−1
,∆(g.∆−1(y))
)
.
The induced action G y Y1 is therefore given by g.y = ∆(g.∆
−1(y)), and since the original
action G y (X,µ) is pmp, ν ′ := ∆∗(µ) ∼ ν is invariant for induced action; similarly, we get
that µ′ := ∆−1
∗
ν ∼ µ is invariant for the induced action of H on X1; thus, (Ω, η) is a measure
equivalence coupling.

Corollary 3.8. No unimodular group is measure equivalent to a non-unimodular group.
Proof. Let G and H be lcsc groups, the former unimodular and the latter non-unimodular,
and assume that G and H are ME. If G is discrete, then G is a cocompact, normal subgroup
in the non-discrete unimodular group G × S1, and thus measure equivalent to it by Remark
3.3, so we may assume that both groups are non-discrete. Theorem 3.7 then provides us
with orbit equivalent, essentially free, ergodic pmp actions G y (X,µ) and H y (Y, ν) and
the associated action groupoids G ⋉ X and H ⋉ Y are therefore isomorphic by Lemma 2.4.
However, by Lemma 2.3, G⋉X is unimodular and H ⋉ Y is not, and hence they cannot be
isomorphic. 
Orbit equivalence for pmp actions of topological groups was also treated in [CLM18], with
the difference that the map witnessing the OE is required to be measure preserving, and not
just non-singular. As the following corollary shows, the two definitions agree on the class of
unimodular lcsc groups.
Corollary 3.9. If G and H are unimodular lcsc groups with orbit equivalent, essentially free,
ergodic, pmp actions G y (X,µ) and H y (Y, ν) on standard Borel probability spaces then
there exists an orbit equivalence which is measure preserving.
Proof. First note that if one group is countable discrete then so is the other in which case
the claim follows since ∆∗(µ) is another probability measure in [ν] which is invariant with
respect to the countable equivalence relation S generated by H y (Y, ν) and hence the
Radon-Nikodym derivative d∆∗(µ)dν is S-invariant too, and thus constant by ergodicity. We
may therefore assume that both groups are non-discrete. Pick cross sections X0 and Y0 for
the two actions and endow them with the canonical probability measures µ0 and ν0 with
respect to which the cross section equivalence relations are pmp and ergodic [KPV15, Propo-
sition 4.3]. By Theorem 3.7, RX0 and RY0 are SOE, and by passing to suitable subsets of X0
and Y0 we obtain new cross sections (by ergodicity of the actions), so we may as well assume
that RX0 and RY0 are orbit equivalent. By the first part of the proof, this orbit equivalence
∆0 : X0 → Y0 is therefore pmp, and by choosing countable groups Γ and Λ implementing RX0
and RY0 , respectively, it follows from [CLM18, Theorem 1.15] and its proof that G y (X,µ)
is orbit equivalent with
S1 × Γy (S1 ×X0, λS1 × µ0),
14 JUHANI KOIVISTO, DAVID KYED AND SVEN RAUM
through a measure preserving OE, and similarly for the H-action. Since id×∆0 is a measure
preserving OE between
S1 × Γy (S1 ×X0, λS1 × µ0) and S
1 × Λy (S1 × Y0, λS1 × ν0)
we conclude that the original actions also admit an OE which is measure preserving. 
4. Measure equivalence of amenable groups
In [DL14, Theorem 6.1] it is proven that weak amenability, the Haagerup property and
the weak Haagerup property are all preserved by measure equivalence, and in [KKR17] the
authors prove that the same is true for Kazhdan’s property (T), and for amenability under
the additional assumption of unimodularity. The aim of this section is to complete the classi-
fication of lcsc amenable groups up to measure equivalence, which is the content of Theorem
4.3 below. As a first step in this direction, we start out by proving that the class of amenable
groups is closed under measure equivalence.
Proposition 4.1. Measure equivalence preserves amenability.
Proof. By passing to a direct product with S1 if necessary, we may, without loss of generality,
assume that the two groups are non-discrete. If a compact group is ME with another group,
then this group has to be unimodular by Corollary 3.8 and hence the two groups would admit a
coupling (Ω, η,X, µ, Y, ν, i, j) in which the maps i and j are measure preserving (Remark 3.3),
and this can only be if the other group is compact as well. Since compact groups are amenable,
we may therefore also assume that neither group is compact. If G and H are ME, Theorem
3.7 provide is with orbit equivalent, essentially free, ergodic, pmp actions G y (X,µ) and
H y (Y, ν), and by picking cross sections X0 ⊂ X and Y0 ⊂ Y we obtain from Proposition
2.6 and Lemma 2.4 that
B(ℓ2(N))⊗¯L(RX0) ≃ L
∞(X)⋊G = L(G⋉X) ≃ L(H ⋉ Y ) ≃ B(ℓ2(N))⊗¯L(RY0).
Moreover, by Proposition 2.6, amenability of G is equivalent with injectivity of L(RX0) or,
equivalently, with injectivity of B(ℓ2(N))⊗¯L(RX0), and hence the statement follows. 
Lemma 4.2. If G and H are non-unimodular, amenable, lcsc groups with ∆G(G) = ∆H(H)
then G and H are measure equivalent.
Proof. Pick free, (strongly) mixing (cf. [Sch84]), pmp actions G y (X,µ) and H y (Y, ν);
cf. [KPV15, Remark 1.1] for the existence of such. Then any non-compact subgroup of
either group also acts ergodically and the centralizer of the weight ϕ˜ on L∞(X) ⋊G dual to
ϕ :=
∫
− dµ is isomorphic to L∞(X)⋊ ker(∆G) (see Section 2.4), which is therefore a factor.
Hence
S(L∞(X) ⋊G) = Sp(∆ϕ˜) = ∆(G).
Choosing a cross section X0 ⊂ X we have L
∞(X) ⋊ G ≃ B(ℓ2(N))⊗¯L(RX0), and L(RX0) is
therefore a factor as well, and by [Con73, Corollaire 3.2.8] we have
S(L(RX0)) = S(B(ℓ
2(N))⊗¯L(RX0)) = S(L
∞(X) ⋊G) = ∆G(G).
Choosing a cross section Y0 ⊂ Y for the H-action, we similarly obtain that S(L(RX0)) =
∆H(H) and hence, by amenability of G and H, that L(RX0) and L(RY0) are injective factors
(see Proposition 2.6) with the same S-invariant. Moreover, since G and H are non-unimodular
the common S-invariant is neither {0} nor {0, 1}, and the two factors are therefore both type
IIIλ for some λ ∈]0, 1]. By the classification of injective factors [Con76, Con73, Haa87] we
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therefore conclude that L(RX0) ≃ L(RY0). Moreover, [CFW81, Corollary 11] shows that
the isomorphism may be composed with an automorphism of L(RY0) such that the resulting
isomorphism maps L∞(X0) onto L
∞(Y0), and RX0 and RY0 now follow orbit equivalent by
[FM77b, Theorem 1]. By Theorem 3.7 we therefore obtain that G and H are ME, as desired.

The following result extends [KKR17, Theorem 4.1], and in turn the classical results for
discrete groups [Dye59, OW80, CFW81], completing the classification of amenable, lcsc groups
up to measure equivalence.
Theorem 4.3. The class of amenable lcsc groups is stable under measure equivalence and
consists of the following three measure equivalence classes: compact groups, non-compact uni-
modular amenable groups, and non-unimodular amenable groups.
Proof. The stability statement is exactly the contents of Proposition 4.1. Clearly all compact
groups are mutually ME as one may simply use their product as an ME coupling, and if
a compact group K were ME to a non-compact group G, then G would be unimodular by
Corollary 3.8, and hence G and K would admit a coupling (Ω, η,X, µ, Y, ν, i, j) in which the
maps i and j are measure preserving (Remark 3.3), but this cannot be since λK × µ is finite
and λG × ν is infinite. The compact groups thus form one ME class. By [KKR17, Theorem
4.1] all non-compact, unimodular, amenable lcsc groups are pairwise ME which, together with
Corollary 3.8 and Proposition 4.1, shows that the non-compact, unimodular, amenable lcsc
groups form another ME class. We therefore only need to prove that all non-unimodular,
amenable groups are pairwise ME. If G and H are lcsc amenable groups and both ∆G(G) and
∆H(H) are dense in R+ then G and H follow ME by Lemma 4.2. If G is non-unimodular and
∆G(G) is not dense in R+ then there exists s0 ∈ R+ such that ∆G(G) = {s
n
0 | n ∈ Z} =: S,
and since G is non-unimodular we have s0 6= 1. Consider now the subgroup of the ax+b-group
given by
H =
{[
s b
0 1
]
∈M2(R)
∣∣∣ b ∈ R, s ∈ S
}
.
It is easy to see that ∆H
([
s b
0 1
])
= s−1 so that ∆H(H) = S and H ≃ R ⋊ S is amenable,
being an extension of the amenable groups R and S; hence G and H are measure equivalent
by Lemma 4.2. Since s0 6= 1, H is a cocompact subgroup of the full ax+ b-group
H˜ :=
{[
s b
0 1
]
∈M2(R)
∣∣∣ b ∈ R, s ∈ R+
}
and since ∆H˜
([
s b
0 1
])
= s−1 ([BdlHV08, Example A.3.5]) we have ∆H˜ |H = ∆H and hence
H and H˜ are ME as well; see Remark 3.3. The group G is therefore ME to a group whose
modular function has dense (actually full) image, and we conclude from that that all non-
unimodular amenable groups are pairwise ME. 
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